Using mirror pairs (M 3 , W 3 ) in type II superstring compactifications on Calabi-Yau threefols, we study, geometrically, F-theory duals of M-theory on seven manifolds with G 2 holonomy. We first develop a new way for getting Landau Ginzburg (LG) CalabiYau threefols W 3 , embedded in four complex dimensional toric varieties, mirror to sigma model on toric Calabi-Yau threefolds M 3 . This method gives directly the right dimension without introducing non dynamical variables. Then, using toric geometry tools, we discuss the duality between M-theory on
Introduction
Over the few past years, there has been an increasing interest in studying string dualities.
This interest is due to the fact that this subject allows to explore several connection between different models in string theory. For example, mirror symmetry between pairs of Calabi-Yau manifolds in type II superstrings [1, 2, 3, 4] and strong/weak coupling duality among this type and heterotic superstrings on K3 × T 2 [5] . The most important consequence of the study of string duality is that all superstring models are equivalent in the sense that they correspond to different limits in the moduli space of the same theory, called M-theory [6, 7, 8, 9] . The latter, which is considered nowadays as the best candidate for the unification of the weak and strong coupling sectors of superstring models, is described, at low energies, by an eleven dimensional supergravity theory.
More recently, a special interest has been given to the study of the compactification of the M-theory on seven real manifolds X 7 with non trivial holonomy providing a potential point of contact with low energy semi realistic physics in our world [9, 10] . In particular, one can obtain four dimensional theory with N = 1 supersymmetry by compactifying M-theory on R 1,3 × X 7 where X 7 a seven manifold with G 2 exceptional holonomy [10] [11] [12] [13] [14] [15] [16] [17] [18] . This result can be understood from the fact that the G 2 group is the maximal subgroup of SO(7) for which a eight dimensional spinor of it can be decomposed as a fundamental of G 2 and one singlet. In this regards, the N = 1 four dimensional resulting physics depends on geometric properties of X 7 . For instance, if X 7 is smooth, the low energy theory contains, in addition to N = 1 supergravity, only abelian gauge group and neutral chiral multiplets. In particular, one has b 2 (X 7 ) abelian vector multiplets and b 3 (X 7 ) massless neutral chiral multiplets, b i denote the Betti numbers of X 7 . The non abelian gauge symmetries with chiral fermions can be obtained by considering limits where X 7 develops singularities [15, 16, 17] . The N = 1 theory in four dimensions can be also obtained using alternative ways. A way is to consider the E 8 × E 8 heterotic superstring compactifications. In this way, the compact manifold is a Calabi-Yau threefold with SU(3) holonomy with an appropriate choice of vector bundle over it braking the E 8 × E 8 gauge symmetry [20] .
Another way, which is dual to the heterotic compactification, is to compactify F-theory on elliptically fibered Calabi-Yau fourfolds with SU(4) holonomy group [20] [21] [22] [23] [24] . At this level, one might naturally ask the following questions. Is there a duality between M-theory on seven G 2 manifolds and F-theory on Calabi-Yau fourfolds and what will be the geometries behind this duality.
In this paper we address these questions using toric geometry and mirror pairs in type II superstrings propagating on Calabi-Yau threefolds. In particular, we discuss the duality between M-theory on G 2 manifolds and F-theory on elliptically fibred Calabi-Yau fourfolds with SU (4) holonomy. In this study, we consider M-theory on spaces of the form
with G 2 holonomy where M 3 is a local Calabi-Yau threefolds described physically by N = 2 sigma model in two dimensions. The F-theory duals of such models can be obtained by the compactification on
, where (M 3 , W 3 ) are mirror pairs in type II superstring compactifications. More precisely, using toric geometry tools, we first develop a way for getting LG Calabi-Yau threefolds W 3 mirror to sigma model on toric Calabi-Yau M 3 . This method is based on solving the mirror constraint eqs for LG theories in terms of the toric data of sigma model on M 3 .
Then we give a toric description of the above mentioned duality. In particular, we propose a special Z 2 symmetry acting on the toric geometry variables producing seven manifolds with K3 fibrations in G 2 manifolds compactifications.
The organization of this paper is as follows. In section 2, we give the essential on superstring models, M-theory and F-theory. In particular, we discuss possible dualities between these theories. In section 3, using mirror symmetry in type II superstrings, we propose a possible duality between M-theory on G 2 manifolds and F-theory on elliptically fibered Calabi-Yau fourfolds involving mirror pairs of Calabi-Yau thereefolds (M 3 , W 3 ). In section 4 we develop a method for getting LG Calabi-Yau threefolds W 3 mirror to sigma model on toric Calabi-Yau M 3 . This method is based on solving the mirror constraint eqs for LG Calabi-Yau theories in terms of the toric data of sigma model on M 3 , giving directly the right dimension of the mirror geometry without introducing non dynamical variables. In this way, the mirror LG Calabi-Yau threefolds W 3 can be described as hypersurfaces in four dimensional weighted projective spaces W P 4 , depending on the toric data of M 3 . In section 5, using these results, we give a toric description of the above mentioned duality. In particular, we propose a special Z 2 symmetry acting on the toric geometry coordinates leading to G 2 manifolds with K3 fibrations. Then we discuss others examples where Z 2 acts trivially on mirror pairs (M 3 , W 3 ). In the last section, we give our conclusion.
Superstrings, M-theory, F-theory and duality
We begin by giving some background from string, M-theory, F-theory and dualities, to discuss possible connections on F-theory and M-theory on manifolds with G 2 holonomy group.
Superstrings dualities
The basic idea of string theory is that the fundamental objects of physics (like electrons) are no longer considered to be point particles of zero dimension but rather extended objects of dimension one, string [25] [26] [27] [28] The spectrum of massless states of these models contains, in general, the dilaton (φ) defining the constant string coupling, the graviton ( g µν ) and antisymmetric gauge tensors generalizing the notion of vector potential A µ to A µ 1 ,...,µ p+1 (p + 1) forms, depending on the theory in question. The type II superstrings do not contain non abelian gauge symmetries. They do however contain D-branes objects which are coupled to (p + 1) gauge forms. These non perturbative objects are characterized by the fact that open strings can end on them. The letters have Chan-Paton gauge degrees of freedom located at the end points and so they contain the usual gauge theories. To make contact with our four dimensional world we need to compactify the 10-dimensional superstring theory on a 6-dimensional compact manifold.
This way of doing assumes that the extra dimensions are compact and not observable on our scale. In this context, we have learnt that superstrings propagating not on the ten dimensional Minkowski space-time but on the four dimensional space-time times a six dimensional real compact manifold: M 4 × X 6 . One way could simply be to consider the extra 6 dimensions as
⊗6 . This would preserve too much supersymmetry. To preserve the minimal amount of supersymmetry, either N = 1 from heterotic superstrings, or N = 2 from type II superstrings, in 4 dimensions, we need to compactify on a special kind of 6-manifold called a Calabi-Yau threefolds [20] . This geometry, being complex, Kahler with SU(3) holonomy, is an important ingredient for constructing quasi-realistic superstring models in four dimensions. It turns out that the compactification is not only a way to overcome the problem of the space-time dimension but also offers the possibility of connecting the various superstring models in lower dimensions via the so called duality symmetry [4, 29] . The latter is a very important concept in the superstring theory. In general, a duality between two theories is an invertible map between the theories that sends states to states and preserves the symmetries of the theory. More precisely, two theories are said to be dual to each other if they describe the same physics using different languages. In string theory, it is believed that the non perturbative regime of one theory is described by the perturbative aspects of another theory. In general, this duality relates the strong coupling limit of one theory to the weak coupling limit of dual theory. For instance, the SO(32) heterotic superstring and the type I superstring models are dual in 10 dimensions; which means that the strong coupling limit of the SO(32) heterotic superstring is the weakly coupled type I superstring and vise versa. Another type of this duality in 10 dimensions is the self duality of type IIB superstring.
In this way, the strong coupling limit of type IIB superstring is another weakly coupled of IIB superstring theory. This non perturbative duality has been confirmed using the solitonic one D-branes physics. In this way, the world sheet D-string action, which can be obtained by dimensionality reducing ten dimensional supersymmetric Yang Mills theory, has similar feature of the fundamental string action. We have given special types of the duality, however non trivial examples of these symmetries are obtained after compactifications [29] .
T-duality
After compactification to nine dimensions, the first kind of duality that one has is called T- that this duality leads to the first indication of the non perturbative aspects of the superstring theory and can be pushed up two dimensions by using the so called adiabatic argument [32] .
This equivalence has given the first exact solution for the N = 2 quantum field theory Coulomb branch [5] . These results have been developed and generalized using the geometric engineering method, which based on the local mirror symmetry and the toric geometry realization of three dimensional Calabi-Yau manifolds [33, 34, 35] . 
In string theory compactification, this means that the complex moduli space of M 3 is then identified with the complexified Kahler moduli space of W 3 , which includes quantum corrections from holomorphic curves, and vise versa [1, 2, 3, 4] . The compactifications of type II superstrings on these manifolds give rise to N = 2 field theory in four dimensions. The latter contains some vector-multiplets and hyper-multiplets depending on the deformation moduli space of the Calabi-Yau manifolds. It was shown that type IIA superstring propagating on M 3 is equivalent to type IIB superstring propagating on W 3 : 2) where the role of the numbers of the vector-multiplets and hyper-multiplets, which given in terms of the Hodge numbers, is interchanged. Moreover, mirror symmetry, which can be naively viewed as a generalized version of T-duality, plays also an important role in the geometric engineering of four dimensional N = 2 quantum field theories (QFT), embedded in type II superstring theories on singular Calabi-Yau threefolds, where this map can be used to obtain exact results for type IIA superstring Coulomb branch, extending the known exact results of the four dimensional N = 2 Seiberg-Witten models [36, 37] . As we have seen, the duality symmetry has been behind many new results in string theory. After a deeper study, one of the most consequence of this is that all superstring models are equivalent in the sense that they correspond to different limits in moduli space of the same theory, called M-theory.
M-theory and superstrings dualities
Following [5] [6] [7] [8] , M-theory is described at low energies by 11-dimensional supergravity theory.
The bosonic part of this theory contains the metric and 3-form which couples to M2-branes, dual to M5 branes in 11-dimensions. Upon compactification on a circle S 1 , of radius R 11 , we recover type IIA superstring. In other words, the spectrum of this theory can be obtained, after the dimensional reduction, from the one of M-theory. In this way, type IIA superstring coupling is given in terms of the eleventh dimension as follows
which says that the radius of the compactification, up a constant, is equal to the string coupling constant. This means that if we take g s → ∞ the strong coupling limit of type IIA is described by 11-dimensional supergravity. Another easy check of this duality is that we can find an M-theory origin for type IIA superstring theory D-brane objects. As a result, one has
Moreover, we can also get a consistent 10-dimensional theory if we compactify M-theory on a line segment S 1 /Z 2 , describing the strong coupling limit of the E 8 × E 8 heterotic superstring.
The latter is constructed by identifying the circle points, (x = x + 2πR 11 , x ∈ R), which are in the same orbit under the Z 2 action, i.e identifying x and −x. The resulting space is smooth every where, expect at the fixed points x = 0 and x = πR 11 . These points define two boundaries with 9 branes, with one E 8 gauge factor for each one. In this way the strong coupling of E 8 × E 8 can be realized by taking the orbifold compactification of M-theory on
Moreover, one can connect M-theory to heterotic superstrings in lower dimensions using Calabi-Yau compactification results. Indeed, M-theory compactified on K3 surface is believed to be equivalent to the heterotic superstring compactified on T 3 . They have the same moduli space in seven dimensions given by (19) .
In M-theory side, since b 1 (K3) = b 3 (K3) = 0, this space is nothing but the moduli space of SU(2) holonomy metrics on K3 manifolds of fixed volume. In heterotic side, the above moduli space is exactly the Narain lattice involved in the compactification on T 3 [38] . Like in type IIA superstring, the non abelian gauge symmetry correspond to the special points in the moduli space where K3 develops singularities in particular ADE ones. In this case, D2brans are replaced by M2 branes wrapped on two spheres of K3 surfaces. This seven dimensional duality can be pushed to four dimensions using a Calabi-Yau threefolds M 3 in heterotic side. The latter, in a suitable limit of its moduli space, can have a T 3 fibration over a three dimensional real space, X 3 . Using this seven dimensional duality, it follows that M-theory on a seven manifold X 7 that is K3 fibration over X 3 is dual to heterotic on M 3 .
From the supersymmetry breaking point view, these models in four dimensions with N = 1 supersymmetry can be related to M-theory on manifolds with G 2 holonomy.
It turns out that there is an alternative approach for getting the the N = 1 field theory in four dimensions, being also dual to heterotic supersting, is via the so called F-theory compactification on elliptically fibred Calabi-Yau fourfolds, with SU(4) holonomy. From this statement, one might naturally ask the following question. Is there a duality between M-theory on on seven G 2 manifolds and F-theory on elliptically fibred Calabi-Yau fourfolds and what will be the geometries behind this duality. Before dealing with this question, we first recall the Vafa's construction of F-theory and its relation to string theory.
F-theory and superstring dualities
As we have seen, M-theory on S 1 and
describe strong coupling limits of type IIA and the E 8 × E 8 heterotic superstring respectively. The natural question was what are the limits of the others superstrings. Vafa answered to this question by introducing the so called F-theory [39] . This theory defines a non perturbative vacua of type IIB superstring theory in which the dilaton (φ) and the axion (χ) fields of the superstring are not constants. These fields are known as the complex string coupling moduli τ IIB = χ + ie −φ which is interpreted as the complex parameter of an elliptic curve leading then to non perturbative vacua of type IIB superstring theory in a twelve dimensional space-time. This idea is based on the geometric interpretation of the non perturbative SL(2, Z) symmetry of the type IIB spectrum. Indeed, Vafa interpreted the complex field τ IIB as the complex structure τ T 2 of an extra torus T To study the compactification of the F-theory to lower dimensions one should consider a (n+1)-dimensional Calabi-Yau manifold W n+1 which has an elliptic fibration over a n-dimensional complex base space B n . The algebraic geometry of W n+1 can be realized in terms of the Weierstrass representation of the torus as follows
F-theory compactified on this manifold is equivalent to type IIB superstring theory on B n with the varying complex string coupling τ IIB over the base B n . Moreover, the singular limit of (2.8) can have a remarkable physical interpretation in terms of type IIB Dbranes. The well known example of this compactification is the eight dimensional theory obtained from F-theory on elliptically fibered K3 over P 1 . The latter leads to a new type IIB superstring theory on this P 1 with varying χ + ie −φ . The moduli space of this compactification is nothing but the geometric moduli space of the elliptically fibered K3. The latter is exactly the moduli space of the heterotic superstrings on T 2 , given by
By this argument, it was conjectured that F-theory on K3 ∼ heterotic superstring on T 2 (2.10)
In this duality, for instance, the heterotic string coupling constant g s is related to the size of the P 1 base of elliptically fibered K3. This eight dimensional duality can be further compactified to lower dimensions by fibering both sides over the same complex base B n−1 using the argument adiabatic. In this way, the above eight dimensional duality becomes [21, 22, 23, 24] F-theory on W n+1 ∼ heterotic superstring on Z n , (2.11)
where W n+1 has K3 fibration over B n−1 (with K3 = W 2 ). It also has an elliptic fibration, inherited from the elliptic fibration of W 2 , over B n and Z n is an elliptic fibration geometry in the heterotic side. Specifically, the four dimensional W 4 with elliptic K3 fibration are the geometry relevant for N = 1 supersymmetry in four dimensions. In what follows, we try to relate this compactification to M-theory on G 2 -manifolds using mirror symmetry in type II superstrings.
On F-theory duals of M-theory on G 2 -manifolds in four dimensions
The duality between M-theory and F-theory was studied using different ways. For instance, this can be achieved using Mayr work based on the local mirror symmetry and some limits in the elliptic compactification in F-theory context [23] . Alternative approach can be done using the Hořava−Witten compatification on spaces of the form
× Y , where Y is a Calabi-Yau threefolds, giving rise to N = 1 supersymmetry in four dimensions [40] . The latter involves a weak coupling limit given by the heterotic superstring compactified on Calabi-Yau threefolds which may have F-theory dual on Calabi-Yau fourfolds. However, in this work we want to introduce manifolds with G 2 holonomy in the game. In particular we would like to discuss the duality between M-theory on G 2 -manifolds and F-theory on elliptically fibred Calabi-Yau fourfolds, with SU(4) holonomy group in four dimensions with N = 1 supersymmetry. Before going ahead, let us start by the first possible equivalence between M-theory and F-theory. This can appear in nine dimensions by help of T-duality in type II superstrings. Roughly speaking, this duality can be rewritten, using the above mentioned theory definitions, as follows
where R and 1 R are the raduis of type II circle compactifications. In this way, the Sl(2, Z) symmetry in type IIB superstring can also have a geometric realization in terms of the M-theory torus. Duality (3.1) can be pushed further for describing the same phenomenon involving spaces that are more complicated than a circle, such as Calabi-Yau spaces in which the Tduality will be replaced by mirror symmetry. More precisely, using equations (2.4) and (2.6), the duality (2.2) becomes now as
This equation, which can be viewed as a generalized version of (3.1); describe models having eight supercharges in four dimensions, ie N = 2 in four dimensions. This four dimensional theory compactifications is equivalent to type II superstrings compactfied on mirror pairs
Calabi-Yau threefolds (M 3 , W 3 ). In what follows, we want to relate this duality to M-theory on manifolds with G 2 holonomy. However, to do this one has to break the half of the supersymmetry and should look for the expected holonomy groups which needed in both side. It turns out that, there are some possibilities to realize the first requirement. One way is to use the result of the string compactifications on Calabi-Yau manifolds with Ramond-Ramond fluxes [41] . Another method of doing, we are interested in here, is to consider the modding of the above duality by Z 2 symmetry. Note, in passing, that this operation has been used in many cases in string theory compatifications to break the half of the supercharges, in particular, in the case of type IIA propagating on T 4 , which known by orbifold limit of K3 surfaces. The four dimensional M-theory/F-theory dual pairs with N = 1 supersymmetry can be obtained by Z 2 modding of corresponding dual pairs with N = 2 given in (3.2). Using this procedure, the resulting space in M-theory compactification is now a quotient space of the following form
where Z 2 acts on S 1 as a reflection and non trivially on the Calabi-Yau threefolds M 3 . The holonomy group of this geometry is now larger than SU(3) holonomy of M 3 , which is the maximal subgroup of G 2 Lie group. Moreover superstring propagating on this type of manifolds preserve only four supercharges in three dimensions. Using the decompactification mechanism, M-theory on this geometry has similar feature of seven manifolds with G 2 holonomy. This type of manifolds, which have been a subject to an intensive interest during the last few years, is involved in the study the superconformal field theories [18] . On F-theory side, the N = 1 dual model may be obtained using the same procedure by taking the following quotient space
Here Z 2 acts nontrivially on the mirror geometry W 3 and as a reflection on T 2 as follows
where z is the coordinate of T 2 . If this symmetry has some fixed points, they need to be deformed for obtaining a smooth manifold. This manifold is then elliptically fibered over
Like in M-theory side, the holonomy group of this quotient space is larger than SU(3) holonomy of W 3 . However, the four dimensional field theories with N = 1 supersymmetry obtained from F-theory compactification require that W 4 is an elliptically fibred Calabi-Yau fourfolds with K3 fibration with SU(4) holonomy. From this physical and mathematics arguments, we can propose, up some details, the following duality 
where
. These Betti numbers, in general, depend on the framework of the geometric construction of manifolds and how the Z 2 symmetry acts on the Calabi-Yau threefold. In this present context, the no zero Betti numbers correspond to the Z 2 invariant forms of the above quotient spaces. In next section, we will use the toric geometry language and its relation to sigma model and LG mirror geometries to give expected relations and give some illustrating examples. In this analysis, one has the following Hodge constraint equation
More precisely, our strategy will be as follows:
(i) Building of three dimensional Calabi-Yau threefold and theirs mirror in terms of hypersurfaces in four dimensional toric varieties using the toric geometry technics and its relation to sigma model and LG theories. In this steep, we give a tricky method for getting the mirror toric Calabi-Yau threefolds W 3 , involved F-theory compactifications, from the toric data of M 3 manifolds.
(ii) We give a toric description for the duality given in (3.6).
Toric geometry for Calabi-Yau threefolds and theirs mirrors 4.1 Toric geometry of Calabi-Yau threefolds M 3
Complex Calabi-Yau varieties are Ricci flat spaces with a vanishing first Chern class c 1 = 0.
They are an important ingredient for constructing quasi-realistic superstring models in lower dimensions. As we have seen, they play also a crucial role in the study of the duality between superstring models and others theories; in particular in our proposition given in (3.6). A large class of these manifolds are usually constructed as hypersurfaces in toric varieties and are nicely described using toric geometry techniques. Calabi-Yau threefolds are the most important geometries in string theory as well as in this work. In particular theirs mirrors which can been used in the type II duality, the geometric engineering and F-theory-heterotic duality. For this reason, we will focus our attention on this special Calabi-Yau geometry. In particular, we develop a new way for getting the mirror Calabi-Yau manifolds using technics of toric geometry. In this way, we give the mirror manifolds as hypersurfaces in four dimensional weighted projective spaces W P 4 of weights (w 1 , w 2 , w 3 , w 4 , w 5 ). As we will see, this construction is based on the solving of the constraint mirror equations involved in the toric geometry in terms of the toric data of the Calabi-Yau three folds in M-theory compactifications. Before doing this, let us start by describing M 3 in toric geometry framework and its relation to linear sigma model, useful for our later analysis on geometries involved in the duality between M-theory on G 2 manifolds and F-theory compactifications on elliptically fibred Calabi-Yau fourfolds. We first note that toric geometry is a good tool for describing the essential one needs about the n-dimensional Calabi-Yau manifolds and their mirrors involved in the previous study. Roughly speaking, toric manifolds are complex n-dimensional manifolds with T n fibration over n real dimensional base spaces with boundary [44] [45] [46] [47] [48] . They exhibit toric actions U(1) n allowing to encode the geometric properties of the complex spaces in terms of simple combinatorial data of polytopes ∆ n of the R n space. In this correspondence, fixed points of the toric actions U(1) n are associated with the vertices of the polytope ∆ n , the edges are fixed one dimensional lines of a subgroup U(1) n−1 of the toric action U(1) n and so on. Geometrically, this means that the T n fibres can degenerate over the boundary of the base. Note that in the case where the base space is compact, the resulting toric manifold will also be compact. The beauty of the toric representation is that it permits to learn the essential about the geometric features of toric manifolds by simply knowing the toric data of the corresponding polytope ∆ n , involving the toric vertices and the Mori vector weights.
A simple example of toric manifold is C n , which can be parameterized by z i = |z i |e iθ i , i = 1, . . . , n and endowed with Kahler form given by
This manifold admits U(1) n toric actions
with fixed locus at z i = 0. The geometry of C n can be represented by a T n fibration over a n-dimensional real space parametrized by |z i | 2 . The boundary of the base is given by the union of the hyperplanes |z i | 2 = 0. We have given a very simple example of toric manifolds. However, toric geometry is also a very useful for building ( local) Calabi-Yau manifolds providing a way for superstring theory to interesting physics in lower dimensions in particular four dimensions.
An interesting examples are the assymtotically local euclidean ( ALE ) space with ADE singularities. These are local complex two dimensions toric variety with a SU(2) holonomy.
However, for latter use, we will restrict ourselves to local three complex Calabi-Yau manifolds i 's obey naturally the neutrality condition, being equivalent to c 1 (M 3 ) = 0 which means that the theory flows in the infrared to a non trivial superconformal model [50] .
In this way, equation (4.3) can be identified with the D-flatness conditions namely;
In these eqs, r a are FT terms which can be complexified by the theta angles as follows
where θ a have similar role of the B field in the string theory compactification on Calabi-Yau manifolds. The number of the independent FI parameters, or equivalent the number of U (1) factors, equal h 1,1 (M 3 ).
New way for solving the mirror constraint eqs for W 3
Toric geometry has been adopted to discussing mirror symmetry as well. The latter exchanges the Kahler structure parameters with the complex structure parameters. In general, given a toric realization of the manifold M 3 , one can build its mirror manifold W 3 . This will be also a toric variety which is obtained from M 3 by help of mirror symmetry. In this study, we In toric geometry language, this means that the relation between the toric vertices of M 3 map to relations given by (4.9-4.10). To find an explicit algebraic equation for the mirror geometry, one has to solve the constraint equation (4.10). It turns out that there many ways to solve this constraint equations. Here we present a new way, inspired from our work given in [35] , using the toric geometry representation of sigma model of M 3 . This method can be proceed in some steps. First, we note that the y i 's are not all independent variables, only 4 of them do. The latters can be thought as local coordinates of a weighted projective space W P 4 (w 1 , w 2 , w 3 , w 4 , w 5 ) which parameterized by the following five homogeneous variables
For instance, the four local variables can be obtained from the homogeneous ones using some coordinate patch. If x 5 = 1, the other x ℓ variables behave as four independent gauge invariants under C * action of W P 4 (w 1 , w 2 , w 3 , w 4 , w 5 ). The second steep in our program is to find relations between the y i 's and the x i variables. A nice way of obtaining this is based on the using the toric data of the M-theory Calabi-Yau geometry for solving the mirror constraint eqs (4.10). In this method, the mirror geometry W 3 will be defined as a D homogeneous hypersurfaces in W P 4 with the following form where n ℓ i are integers specified later on. In patch coordinates x 5 = 1, one can parameterize the y i gauge invariants in terms of the x i as follows 15) where the deformation given by y 0 = 1 correspond (n ℓ 0 − 1) = 0. Using eqs (2.15) and the Calabi-Yau condition (4.4), (4.10) is trivially satisfied by (4.15) . One other thing we need in this analysis is that the y i variables should be thought as gauge invariants under the W P 4 (w 1 , w 2 , w 3 , w 4 , w 5 ) projective action given by (4.11). Indeed under this transformation the monomials y i transform as
and then the invaraince of y i is constrained by In this way the v i vertices can be chosen as follows
where e ℓ 0 = (1, 1, 1, 1, 1) . This shifting will not influence to the toric realization ( 4.15) due to the Calabi-Yau condition (4.4). In this way the first 6 vertices and the corresponding monomials can be thought as follows:
Using all the toric vertices in the M-theory geometry, the corresponding mirror polynomial should involve in the F-theory context takes the following form
where the a i 's are complex moduli of the LG Calabi-Yau mirror superpotentials. For later use, we take a i = 0, and so the above geometry reduces to
Actually, this geometry extends the form of the quintic hypersurfaces in the ordinary P 4 projective space.
5 Z 2 symmetry and Toric geometry tools
Z 2 realization and K3 fibration
Here we would like to discuss the Z 2 realization involved in the duality (3.6) using toric geometry tools. The latter, in the G 2 holonomy sense, will act on M 3 and the circle as the inversion and on the T 2 and W 3 in the F-theory compactification. Due to richness of possibilities of the Z 2 action in the Calabi-Yau manifold, we will focus our attention herebelow on giving a special Z 2 symmetry acting on the toric geometry symmetry. To that purpose, we first note that any local Calabi-Yau M 3 , described by the toric linear sigma model on (3.5) is, up some details, isomorphic to C r+3 /C * r , or equivalently
The latter has a T 3 fibration obtained by dividing T r+3 by U(1) r action generated by a simultaneous phase rotation of the coordinates
where ϑ a are the generators of the U(1) factors. In the Calabi-Yau geometry, plus the reflection on the circle, we will consider a special Z 2 symmetry acting on the angular coordinates used in toric geometry framework. To do this, let us first consider the simple case corresponding to C 3 , that is r = 0; then we extend this feature to any toric varieties. C 3 has also U(1) 3 toric action giving T 3 fibration in toric geometry realization of C 3 . Taking a Z 2 symmetry acting on the angular variable, the toric action (4.2) becomes now
where z i are the variables appearing in (4.3) . This is the same thing as taking the Z 2 symmetry in the homogeneous variable z →z used in the literature. Note, in passing, that one can consider the following Z 2 symmetry
However this transformation is not interesting from physical application of toric geometry.
Indeed, first this action has no fixed points because the fixed loci are naturally identified with brane configurations. Second, transformation (5.3) do not leave the following constraint equation
involved in the determination of special Lagrangian manifolds in C 3 .
Now we return to equation (5.2). The latter may give naively
fibration in toric geometry language of C 3 , instead of before we have only T 3 . It not difficult to extend these ideas to local Calabi-Yau threefolds M 3 . In this way, one has the following Z 2 symmetry acting, up the gauge transformation (5.1), on the Calabi-Yau M 3 variables as follows,
Like in the case of C 3 , this transformation gives a local Calabi-Yau threefolds with
fibration.
In this case, plus the toric geometry action fixed points we have now extra ones coming from the orbifold fibration. These fixed loci may be identified with brane configurations using the interplay between toric geometry and type II brane [45] . For the moment we ignore the brane description and return to the geometric interpretation of the (5.6). Indeed, it not difficult to see that, together with the action on the circle, this new toric action leads to
in M-theory compactifications, i.e orbifold limit of K3 fibration. In this way, the geometry given by (3.3) can be viewed as a G 2 manifold with K3 fibration. Locally, this fibration is isomorphic to
known by A 1 singularity, which can be determined algebraically in terms of the Z 2 invariant coordinates on C 2 as follows
M-theory on this singularity correspond to two units of D6 branes. For general case where we have A n singularity, this geometry is equivalent to n + 1 D6 branes of type IIA superstring.
Note, in passing, that the moduli space of smooth compactification can be obtained from the one of K3 followed by an extra compactification on a three dimensional space X 3 , down to four dimensions 1 . This can be related directly to the heterotic superstring by fibering the M-theory/heterotic duality in seven dimensions on the same base X 3 . Locally, the moduli space of this compactification should have the following form However there are some invariant three forms; one type of them is given by
where J is the Kahler form on M 3 and x is a real coordinate parameterizing the circle. The number of these form is given by h 1,1 (M 3 ) being the dimension of the complexified Kahler moduli space of M 3 .
Now we go on to the F-theory to give the corresponding geometries. Instead of being general, we will consider a concrete example describing to the mirror quintic hypersurfaces obtained by taking
In this way, the general mirror geometry (4.23) reduces to
This equation has any direct toric description of the P 4 projective space in which it is embedded. However a toric realization may be recovered if we consider the limit a 0 → ∞ in the mirror description. In this limit the defining equation of the mirror geometry becomes approximately, up scaling out the a 0 , as
This equation can be solved by taking one or more x i = 0. In toric geometry language, this solution describes the union of the boundary faces of 4-simplex defining the polytope of the P 4 projective space [45] . In this way, the F-theory mirror quintic is a T 3 fibration over 3-dimesional real space defined by the boundary faces of 4-simplex of P 4 . It consists of the intersection of 5 P 3 's along 10 P 2 's. This geometry has now a U(1) 3 toric action which can be deduced from the ones of P 4 and can be thought as follows
In the F-theory geometry, Z 2 symmetry will act on the mirror Calabi-Yau threefolds as follows
Here we repeat the same analysis of M-theory. In this case, the F-theory geometry can have also
fibration over a four dimensional base space. However, a naive way to get an elliptically K3 fibration, being the relevant geometry in the F-theory compatification for getting N = 1 in four dimensions, is to suppose that the Z 2 symmetry acts trivially on the torus of W 4
Calabi-Yau fourfolds. In this way, the
which is elliptic in the context of F-theory compactification. This compactification should be interpreted in terms of type IIB on
. By this limit, one can see that the orbifold (3.4) gives an elliptic K3 fibration in F-theory compactifications. In M-theory context, this geometry can be obtained using the following factorization in the Narain lattice 
More on the Z 2 action
We would to give comments regarding a particular realization of Z 2 symmetry when it acts trivially on the Calabi-Yau threefolds. In this way, the geometries (3.3) and (3.4) reduce respectively to
In M-theory, this compactification may be thought as the Hořava−Witten compatification on spaces of the form
×Y , where Y = M 3 is a Calabi-Yau threefolds [56] . M-theory on this type of manifolds give rise to N = 1 supersymmetry in four dimensions, having a weak coupling limit given by the heterotic superstring compactified on M 3 . Using the toric description of M 3
where one has a T 3 fibration over three dimensional base space, the compactification (5.12) may be related to M-theory on G 2 manifolds with K3 fibration. This may be checked by the seven dimensional duality between M-theory on K3 and the heterotic superstring on T 3 discussed in section 2. In the end of this section we want to discuss the F-theory duals of this kind of compactification. Instead of being general, we will consider concrete examples corresponding to M 3 , described by N = 2 linear sigma model on the canonical line bundle over two complex dimensional toric varieties; in particular the P 2 projecticve space and the Hirzebruch surfaces F n , (n ≥ 0). In F-theory, the mirror map of these geometries are given by non compact Calabi-Yau threefolds LG superpotentails with an equation of the form 19) where x 1 , x 2 are C * coordinates and u, v are C 2 coordinates. For illustrating applications, let us give two examples.
The first example is the sigma model on the canonical line bundle over P 2 . In this way, the Calabi-Yau geometry in M-theory side is described by a U(1) linear sigma model with four matter fields φ i with the following vector charge 20) satisfying the Calabi-Yau condition (4.4). After solving the mirror constraint equations (4.10), the corresponding W 3 LG Calabi-Yau superpotential in F-theory compactification is given by the following equation
(ii) Hirzebruch surfaces F n As a second example, we consider a local model given by the canonical line bundle over the Hirzebruch surfaces F n . Recall by the way that the F n surfaces are two dimensional toric manifolds, defined by a non-trivial fibration of a P 1 fiber on a P 1 base. The latter are realized as the vacuum manifold of the U(1) × U(1) gauge theory with four chiral fields with charges LG mirror superpotential becomes As we have seen in section 2, this form plays an important role in the construction of elliptic Calabi-Yau manifolds involved in F-theroy compactifications.
The elliptic K3 fibration of (5.8) may be obtained by using only the orbifold of the torus in F-theory. A tricky way to see this is as follows. First, we consider the T 2 as a fiber circle S can be seen as a S 1 f bundle over a line segment, with two fixed points. This geometry, up some details, has similar feature of the toric realization of P 1 . To see this, assuming that the radius of the S 1 f fiber vary on the base space as follows
where x is the coordinate on the interval which runs from zero to πR b . In this case, the S 1 f can shrink at the two end-points of the line segment. With this assumption, the resulting geometry is identified with the toric geometry realization of the P 1 [45] . By this limit in the Z 2 orbifold, the F-theory geometry given by (5.13) can be viewed as a P 1 fibration over on W 3 .
Since W 3 is elliptic, this fibration, in presence of P 1 , can give an elliptic K3 fibration which is the relevant geometry for having giving N = 1 models in four dimensions from F-theory compactifications.
Discussions and conclusion
In this paper, we have studied, geometrically, the N = 1 four dimensional duality between M-theory on G 2 manifolds and F-theory on elliptically fibred Calabi-Yau fourfolds with SU (4) holonomy. In this study, we have considered M-theory on spaces of the form
, where M 3 is a Calabi-Yau threefolds described physically by N = 2 sigma model in two dimensions. In particular, using mirror symmetry, we have discussed the possible duality between M-theory on such spaces and F-theory on
, where (M 3 , W 3 ) are mirror pairs in type II superstring compatifications on Calabi-Yau threefolds. In this work, our results are summarized as follows
(1) First, we have developed a way for getting LG Calabi-Yau threefolds W 3 mirror to sigma model on toric Calabi-Yau M 3 . This method is based on solving the mirror constraint eqs for
LG theories in terms of the toric data of sigma model on M 3 . Actually, this way gives directly the right dimensions of the mirror geometry. In particular, we have shown that the mirror
LG Calabi-Yau threefolds W 3 can be described as hypersurfaces in four dimensional weighted projective spaces WP 4 , depending on the toric data of M 3 .
(2) Using these results, we have shown, at least, there exist two classes of F-theory duals of M-theory on
. These classes depend on the possible realizations of the Z 2 actions on M 3 . In the case, where Z 2 acts no trivially on M 3 , we have given a toric description of the above mentioned duality. In particular, we have proposed a special Z 2 symmetry acting on the toric geometry variables. This way gives seven manifolds with K3 fibrations of G 2 holonomy.
For the case, where Z 2 acts trivially on M 3 , we have given some illustrating examples of the F-theory duals of M-theory. Finally, since every supersymmetric intersecting brane dynamics is expected to lift to M-theory on local G 2 manifolds [57] , it would be interesting to explore this physics using intersecting D 6-7 branes in Calabi-Yau manifolds. Moreover, the N = 1 model studied in this work can be related to heterotic superstrings on Calabi-Yau threefolds with elliptic fibration over del Pezzo surfaces, the P 2 's blown up in k points with k ≤ 9. In a special limit these surfaces may be specified by the elliptic fibration
→ dP k with P 1 fibers. It should be also interesting to explore physical realizations, via branes, of this fibra-tion. Progress in this direction will be reported elsewhere.
